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1. Introduction 

Next Bessel equations are considered 

𝑑2𝑌(𝑧)

𝑑𝑧2 +
1

𝑧

𝑑𝑌(𝑧)

𝑑𝑧
+ (1 −

𝑣2

𝑧2) 𝑌(𝑧) = 0                                                   (1) 

which appears in many areas of science and technology, where, 𝑧 ∈ 𝐷 = {𝑧: |𝐴𝑟𝑔𝑧| <
𝜋

2
− 𝛿, 𝛿 >

0} , 𝐶 ∋ 𝜈  is the order of Bessel functions , Y(z) is unknown function of the complex variable 𝑧 = 𝑥 +

𝑖𝑦, 𝑖 = √−1 .  

In [1], the asymptotic solution of equation (1) for large values of 𝑧 = 𝑥 ∈ 𝑅 was obtained by 

reducing it to the Riccati equation, and it was noted there that this asymptotic can be obtained directly 

from equation (1) without reducing to the Riccati equation. 

In [2] the asymptotic solution of equation (1) for large values of z=xϵR was obtained for large 

values of the argument, directly from it.  

Here, the previously obtained asymptotics of the solution of the Bessel equation for a real 

argument [2] is generalized to the case of a complex argument. 

Usually, the asymptotic of the solution of equation (1) for large values of the argument z, is 

obtained from the integral representation of its solution [2-8]. 

 

2. Direct very simple approach to obtaining the asymptotic of the solution from the Bessel 

equation 

Substitution 

𝑌(𝑧) =
1

√𝑧
𝑢(𝑧)                                                                               (2) 

where u (z) is a new unknown function, equation (1) is reduced to the form 



2 
 

 
 

 

𝑢"(𝑧) + (1 +
𝛼

𝑧2) 𝑢(𝑧) = 0,                                                                       (3) 

here 

 𝛼 =
1

4
(1 − 4𝑣2).                                                                                  (4) 

We obtain the asymptotic of the solution of problem (2) in domain 𝑧 ∈ 𝐷 = {𝑧: |𝐴𝑟𝑔𝑧| <
𝜋

2
−

𝛿, 𝛿 > 0}    . 

The solution of the equation  (3) we seek in next form 

              u(𝑧) = cos z 𝑋(𝑧) + sinz Y(z),                                                                (5) 

here X(z) and Y(z) new independents functions. 

After substitution of (3) to (3) we have got for X(z) and Y(z) next equations 

𝑑2𝑋(𝑧)

𝑑𝑧2 − 𝑋(𝑧) + 2
𝑑𝑌(𝑧)

𝑑𝑧
+ (1 + 𝛼𝑧−2)𝑋(𝑧) = 0,                              (6.1) 

𝑑2𝑌(𝑧)

𝑑𝑧2 − 𝑌(𝑧) − 2
𝑑𝑋(𝑧)

𝑑𝑧
(1 + 𝛼𝑧−2)𝑌(𝑧) = 0.                                      (6.2) 

We will impose the following conditions on the functions X(z) and Y(z)   

𝑋(𝑧) → 1, 𝑧 → ∞; 𝑌(𝑧) → 0, 𝑧 → ∞. 

 These functions we will seek in next forms 

              X(𝑧) = 1 + 𝐴2𝑧−2 + 𝐴4𝑧−4 + 𝐴6𝑧−6 + ⋯ +  𝐴2𝑚𝑧−2m ,                (7.1) 

Y(𝑧) = 𝐵1𝑧−1 + 𝐵3𝑧−3 + 𝐵5𝑧−5 + 𝐵7𝑧−7 + ⋯ + 𝐵2𝑚+1𝑧−(2m+1) .        (7.2) 

𝐴𝑘   (𝑘 = 2,4, … ), 𝐵𝑙  (l=1,3,…) are indefinites numbers  coefficients for the present.  

𝑑𝑋(𝑧)

𝑑𝑧
= −2𝐴2𝑧−3 − 4 𝐴4𝑧−5 − 6𝐴6𝑧−7 − 8𝐴8𝑧−9 − 2m𝐴2𝑚𝑧−2m−1 − ⋯, 

𝑑2𝑋(𝑧)

𝑑𝑧2
= 2 ∙ 3𝐴2𝑧−3 + 4 ∙ 5𝐴4𝑧−6 + 6 ∙ 7𝐴6𝑧−8 + 8 ∙ 9𝐴8𝑧−10 + 2m(2𝑚 + 1)𝐴2𝑚𝑧−2m−2

+ ⋯ 

𝑑𝑌(𝑧)

𝑑𝑧
= −𝐵1𝑧−2 − 3 𝐵3𝑧−4 − 5𝐵5𝑧−6 − 7𝐵7𝑧−8 − 9𝐵9𝑧−10 − ⋯ − (2m +

1)𝐵2𝑚+1𝑧.
−2m−2 …, 

𝑑2𝑌(𝑧)

𝑑𝑧2
= 2𝐵1𝑧−3 + 3 ∙ 4𝐵3𝑧−5 + 5 ∙ 6𝐵5𝑧−7 + 7 ∙ 8𝐵7𝑧−9 + ⋯ + (2m

+ 1)(2𝑚 + 2)𝐵2𝑚−1𝑧−2m−3 + ⋯ 

Substituting one and two times differentiated series (6) into (5) and equating the coefficients 

with the same degree z, for indefinite coefficients 𝐴𝑘   (𝑘 = 2,4, … ), 𝐵𝑙  (l=1,3,…) we obtain next 

expressions 

−2𝐵1  + α = 0 ,                                                           (8.1) 

(2 + 𝛼)𝐵1 + 2 ∙ 2𝐴2  = 0,                             (8.2) 

(𝛼 + 2 ∙ 3)𝐴2 − 2 ∙ 3𝐵3  = 0,    (8.3) 

(𝛼 + 3 ∙ 4)𝐵3 + 2 ∙ 4𝐴4  = 0,       (8.4) 

(𝛼 + 4 ∙ 5)𝐴4 − 2 ∙ 5𝐵5 = 0,      (8.5) 

(𝛼 + 5 ∙ 6)𝐵5 + 2 ∙ 6𝐴6  = 0,      (8.6) 

(𝛼 + 6 ∙ 7)𝐴6 − 2 ∙ 7𝐵7 = 0,        (8.7) 
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(𝛼 + 7 ∙ 8)𝐵7 + 2 ∙ 8𝐴8  = 0        (8.8) 

……………………………………………………………………… 

(𝛼 + (2𝑚 + 1)(2𝑚 + 2))𝐵2𝑚+1 + 2 ∙ (2𝑚 + 2)𝐴2𝑚+2  = 0, (8.2m+2) 

(𝛼 + (2𝑚 + 2)(2𝑚 + 3))𝐴2𝑚+2 − 2 ∙ (2𝑚 + 3)𝐵2𝑚+3  = 0,  (8.2m+3) 

From this, we successively determine the unknown constants 𝐵1 , 𝐴2 , 𝐵3 , 𝐴4 … 

𝐵1 =
𝛼

2
= (4) = −

(4𝜈2−1)

8
, 

𝐴2 = −
(𝛼+2)

2∙2
𝐵1 = −

(4𝜈2−1)(4𝜈2−32)

2∙82 , 

𝐵3 =
(∝+2∙3)

3!
𝐴2 = −

∝(𝛼+2)(∝+2∙3)

2∙2
= −

(4𝜈2−1)(4𝜈2−32)(4𝜈2−52)

3!∙83   

Similarly we will find 

𝐵2𝑘+1 = (−1)𝑘+1
(4𝜈2 − 1)(4𝜈2 − 32) … (4𝜈2 − (4𝑘 + 1)2))

(2𝑘 + 1)! ∙ 8(2𝑘+1)
 

𝐴2𝑘+2 = (−1)𝑘+1
(4𝜈2 − 1)(4𝜈2 − 32) … (4𝜈2 − (4𝑘 + 3)2))

(2𝑘 + 2)! ∙ 8(2𝑘+2)
 

Theorem. The series (7) is an asymptotic series, i.e. if we consider a truncated series 

𝑋(𝑧) = ∑ 𝐴2𝑘
𝑚
0

1

𝑧2𝑘 + 𝑅(1)
2𝑚+2(𝑧)                                                    (9.1) 

  𝑌(𝑧) = ∑ 𝐵2𝑘−1
𝑚
0

1

𝑧2𝑘−1  + 𝑅(2)
2𝑚+1(𝑧)                                           (9.2) 

here 

|𝑅(1)
2𝑚+2(𝑧) | ≤ 𝑙|𝑧|−2𝑚−2, |𝑅(2)

2𝑚+1(𝑧)|  ≤ 𝑙|𝑧|−2𝑚− , 𝑙 = cons 𝑡,   𝑧 ∈ 𝐷,     𝑧 → ∞ . 

Proof. For simplicity, we prove this theorem, for m=0. 

Let   

𝑋(𝑧) =  1 + 𝑅1(𝑧 ),                                                                    (10.1) 

𝑌(𝑧) = 𝐵1𝑧−1  + 𝑅2(𝑧 ),                                                          (10.2) 

here 

    |𝑅1(𝑧 ) | ≤ 𝑙|𝑧|−2, ||𝑅2(𝑧 ) | ≤ 𝑙|𝑧|−3|  , 𝑙 = cons 𝑡,   𝑧 ∈ 𝐷,     𝑧 → ∞ .   

Substitution (10) to (6)  we have got next equations 

𝑑2𝑅1(𝑧 )

𝑑𝑧2
+ 2

𝑑

𝑑𝑧
𝑅2(𝑧 ) + 𝛼𝑧−2𝑅1(𝑧 ) = 0 

𝑑2𝑅2(𝑧 )

𝑑𝑧2 − 2
𝑑𝑅1(𝑧 )

𝑑𝑧
+ 𝛼𝑧−2𝑅2(𝑧 ) − 𝛾𝑧−3 = 0, 

here = −2𝐵1 − 4𝐵1
2 . 

Now we  introduce new function 

 V(𝑧) = 𝑅1(𝑧 ) + 𝑖𝑅2(𝑧 );  𝑉(𝑧) = 𝑂(|𝑧|−2), 𝑧 → ∞                          (11) 

then the previous equation can be written as 

𝑑2𝑉(𝑧)

𝑑𝑧2 − 2
𝑑𝑉(𝑧)

𝑑𝑧
+ 𝛼𝑧−2𝑉(𝑧) = 𝛾𝑧−3.                                        (12) 

In equation (12) we make the following transformation 

𝑉(𝑧) = 𝑒𝑧𝑊(𝑧)                                                                                (13) 



4 
 

 
 

 

here 𝑊(𝑧) is new unknown function. Then we have next equation for 𝑊(𝑧) 

𝑑2𝑊(𝑧)

𝑑𝑧2 − 𝑊(𝑧) + 𝛼𝑧−2𝑊(𝑧) = 𝛾𝑒−𝑧𝑧−3.                                     (14) 

The solution of this equation, which tends to zero when 𝑧 → ∞ will equivalent the solution of 

the following integral equation  

𝑊(𝑧) = ∫ sinh(𝑧 − 𝑠) [𝛾𝑒−𝑠𝑠−3 +
𝑧

∞
𝛼𝑠−2𝑊(𝑠)]𝑑𝑠 ,                                           (15) 

In this equation again make next transformation 

𝑊(𝑧) =  𝑒−𝑧𝑀(𝑧). 

Then  

𝑀(𝑧) = 𝑔(𝑧) + 𝛼 ∫ 𝑒𝑧−𝑠𝑠−3 sinh(𝑧 − 𝑠)
𝑧

∞
𝑀(𝑠)]𝑑𝑠 ≔ 𝑇[𝑧]                      (16) 

here 𝑔(𝑧) = 𝛾 ∫ 𝑒𝑧−𝑠𝑠−3 sinh(𝑧 − 𝑠)
𝑧

∞
𝑑𝑠. 

The path of integration we take the ray going from the point 𝑧 = 𝑟 𝑒𝑖𝜑   to point ∞ 𝑒𝑖𝜑. 

Obviously, there is an estimate 

|𝑔(𝑧)| ≤ 𝑙|𝑧|−2, 𝑧 → ∞, 𝑧 ∈ 𝐷. 

Denote by S the set of functions satisfying the condition 

|𝑀(𝑧)| ≤ 2𝑙|𝑧|−2, 𝑧 → ∞, 𝑧 ∈ 𝐷. 

Obviously, the operator T maps the set S to itself. Let us prove that the operator T is contractive 

in S. We have from the equation (16) 

|𝑇[𝑀1| − |𝑇[𝑀1| ≤ ‖𝑀1(𝑧) − 𝑀2(𝑧)‖|𝛼||𝑧|−2
. 

Let  2|𝛼||𝑧|−2 ≤ 1. Then the operator is the contraction operator. Theorem  is proven. 

Conclusion 

Here, the asymptotic behavior of the solution of the Bessel equation for large values of the 

independent variable is obtained directly from the differential equation itself in the right complexing 

plane , and the asymptotic character of the solution obtained is proved. 

When z and ν is real, taking into account expression (2), formula (5) coincides with previously 

obtained formulas with the accuracy of a constant factor [2-5]. 
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