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1. Introduction
Next Bessel equations are considered
Y@ | 1dv(@) _v _
dz? t z dz + (1 zz) Y(Z) =0 (1

which appears in many areas of science and technology, where, z € D = {z: |Argz| < % -6,0 >

0}, C 3 v is the order of Bessel functions , Y(z) is unknown function of the complex variable z = x +
iy,i =v—1.

In [1], the asymptotic solution of equation (1) for large values of z = x € R was obtained by
reducing it to the Riccati equation, and it was noted there that this asymptotic can be obtained directly
from equation (1) without reducing to the Riccati equation.

In [2] the asymptotic solution of equation (1) for large values of Z=xe#was obtained for large
values of the argument, directly from it.

Here, the previously obtained asymptotics of the solution of the Bessel equation for a real
argument [2] is generalized to the case of a complex argument.

Usually, the asymptotic of the solution of equation (1) for large values of the argument z is
obtained from the integral representation of its solution [2-8].

2. Direct very simple approach to obtaining the asymptotic of the solution from the Bessel

equation
Substitution
-1
Y(2) = Zu(2) @

where u (z) is a new unknown function, equation (1) is reduced to the form



u'(z) + (1 + ;iz)u(z) =0, (3)
here
a = %(1 — 4v?), @)
We obtain the asymptotic of the solution of problem (2) in domain z € D = {z: |Argz| < g -
6,6 >0} .
The solution of the equation (3) we seek in next form
u(z) = cosz X(z) + sinz Y(z), (5)

here X(z) and Y(z) new independents functions.
After substitution of (3) to (3) we have got for X(z) and Y(z) next equations

d*x(z) _ dy(z) 2 .

— X(2)+2 —+ 1+az™)X(z) =0, (6.1)
a’y(z) _ 54X -2 —

— Y(z) -2 — 1+ az™?)Y(z) =0. (6.2)

We will impose the following conditions on the functions X(z) and Y(2)
X(z) > 1,z-> o;Y(z) >0,z > oo,
These functions we will seek in next forms
X(z) =14+ 4,272+ Ayz7* + Agz ® + - + Ayppz™?™, (7.1)
Y(z) =Bz ' + B3z 3+ Bsz 5 + B;z77 + -+ + By 2 MY L (1.2)
A, (k=24 ..), B, (=1,3,..) are indefinites numbers coefficients for the present.

d)c(liz) = —2A22_3 - 4A4Z_5 — 6A6Z_7 — 8A8Z—9 — ZmAZmZ—Zm—l S—
2
d*X(z) _ I e oo i o
72 2:3A,27° 4+ 4 54,27°4+6 -7TAgz™° + 8-943z +2m2m + 1A,z
1)BZm+1Z._2m_2 ey
d?Y(2) s . . By
57 =2B;z 34+ 3-4B3z7 > +5 6Bz 7 +7-8B;z % + -+ (2m

+ 1)(2m + 2)Byp_qz72M73 4 ...
Substituting one and two times differentiated series (6) into (5) and equating the coefficients
with the same degree z, for indefinite coefficients A, (k = 2,4, ...), B; (I=1,3,...) we obtain next
expressions

—2B, +a=0, (8.1)
(2+a)B, +2-24, =0, (8.2)
(@+2-3)4, —2-3B; =0, (8.3)
(@ +3-4)B; +2-44, =0, (8.4)

(@ +4-5)4, —2-5Bs =0, (8.5)
(@+5-6)Bs +2-64, =0, (8.6)

(@+6-7)4g —2-7B, =0, (8.7)



(a+7-8)B;, +2-84g =0 (8.8)
(a+(@Cm+1)2m+2))Bymsr +2-2m+ 2)Asmez = 0,(8.2m+2)
(a+ (2m+2)2m+3))Asmez — 2 (2m+ 3)Bypmssz = 0, (8.2m+3)
From this, we successively determine the unknown constants B; A,,B; A, ...

_a_ _ (&2-1)
Bl T (4) - 8 y
_ (@t , _ (4vP-1)(4v2-37)
Ap=—" B = 282 ’
(< +2-3) oc(a+2)(<+2:3) (4v2-1)(4v2-32)(4v2-52)
B3 = _|A2 = — = —
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Similarly we will find

(4v% — 1)(4v? — 32) ... (4v% — (4k + 1)?))
(2k + 1)! - 8(2k+1)

(4v% — 1)(4v? — 32) ... (4v? — (4k + 3)?))
(2k + 2)! - 8(2k+2)

Theorem. The series (7) is an asymptotic series, i.e. if we consider a truncated series

Boks1 = (—1)k+1

Ay = (—1)k+1

1
X(2) = X3 Azie 7oz + RV 2ma2(2) 9.1
1
Y(z) = X0 B2k-1 P R®,11(2) 9.2)
here
|[RW,012(2) | < Ulz|72m2, |[R® 1 (2)| <lz|72™,1=const, zED, z- .
Proof. For simplicity, we prove this theorem, for 7=0.
Let
X() = 1+RYz2), (10.1)
Y(z) = Byz7! + R%*(2), (10.2)
here

IR'(z) | < llzI7% [IR?*(z) | < Uz|™3| ,l=const, zED, z—- .

Substitution (10) to (6) we have got next equations

d?R1(z) d :
T-{— ZERZ(Z) +az 2RI(Z) =0
dZRZ(Z) _ de(Z) —-2p2 _ -3 _
= 2 —, taz R*(z)—yz™> =0,
here= —2B, — 4B%.
Now we introduce new function
V(z) = R'(z) +iR*(z); V(2) = 0(|z|7%),z > (11)
then the previous equation can be written as
dZV(Z) _ av(z) -2 _ -3
— 22— —+azV(z) =yz> (12)

In equation (12) we make the following transformation
V(z) = e*W(2) (13)



here W (z) is new unknown function. Then we have next equation for W (z)

d2w(z)
dz?

The solution of this equation, which tends to zero when z — oo will equivalent the solution of

—W(z) +az?W(z) = ye 2z73. (14)

the following integral equation
W(z) = f; sinh(z — s) [ye™5s™3 + as2W (s)]ds, (15)
In this equation again make next transformation
W(z) = e 2M(z).

Then

M(z)=g(2)+a f: e? Ss73sinh(z — s) M(s)]ds = T[z] (16)
heeg(2) =y f; e?Ss73sinh(z — s) ds.

The path of integration we take the ray going from the point z = r e® to point co e'?.

Obviously, there is an estimate

lg(2)| < 1|z|7%,z > 0,z € D.
Denote by S the set of functions satisfying the condition
IM(2)| < 2l|z|7%,z > o,z € D.

Obviously, the operator T maps the set S to itself. Let us prove that the operator T is contractive

in S. We have from the equation (16)
IT[M;| — IT[M;| < IMy(2) — My (2)|l|ex]|z] 2.
Let 2|a||z|~? < 1.Then the operator is the contraction operator. Theorem is proven.
Conclusion

Here, the asymptotic behavior of the solution of the Bessel equation for large values of the
independent variable is obtained directly from the differential equation itself in the right complexing
plane, and the asymptotic character of the solution obtained is proved.

When zand vis real, taking into account expression (2), formula (5) coincides with previously
obtained formulas with the accuracy of a constant factor [2-5].
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